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$N=\{1,2, \ldots, n\}$ . , $v(\emptyset)=0$ $v:P(N)arrow \mathbb{R}$
, , . $G$ .
1 , $v$ .
$v(S) \geq v(T)+\sum_{s\backslash T}v(\{i\})$
, $\forall S,$ $T,$ $T\subseteq S\subseteq N$ .
, $R\subseteq N$ , .
$w_{R}(S)=\{$





2 $x\in \mathbb{R}^{n}$ , , .
1. $x_{i}\geq v(\{i\})$ ,
2. $\sum_{i\in N}x_{i}=v(N)$ .
$x\in \mathbb{R}^{n}$ , $x\in \mathbb{R}^{n}$ .
$S\subseteq N$ , $s=|S|$ $\pi_{S}$ : $Sarrow\{1,2, \ldots, s\}$ $S$
, $\Pi(S)$ . , $N$
. $i\in N$ $P(\pi, i)=\{j\in N|\pi(j)<\pi(i)\}$
, $i$ $S$ $C_{i}(v)(S)$ $\pi$
$m_{i}(v)(\pi)$ .
$C_{i}(v)(S)=v(S\cup\{i\})-v(S\backslash \{i\})$ ,
$m_{i}(v)(\pi)=v(P(\pi, i)\cup\{i\})-v(P(\pi, i))$ .





$\sum_{s\subseteq N}\frac{1}{2^{n}}\cdot C_{i}(v)(S)$ .
Shapley/ Banzhaf , /
. , $\sum_{j\in N}\beta_{j}(v)\neq 0$ $v$ $\hat{\beta}_{i}(v)=$




$\chi_{i}(v;p_{i})=\sum_{S\subseteq N\backslash \{i\}}p_{i}(S)\cdot C_{i}(v)(S)$
(S) $i$ $S$ . ,
, .




, $S\subseteq N$ $v(S)\in\{0,1\}$ , $S\subseteq T\subseteq N$
$v(S)\leq v(T)$ , $v(N)=1$ , .





5([2]) $p\ovalbox{\tt\small REJECT} 2^{N}arrow[0,1]$ , $\phi_{i}(v)[S]$ $v$ $S$ $i$






6([1]) $p:2^{N}arrow[0,1]$ , $\beta_{\dot{l}}(v)[S]$ $v$ $S$ $i$
Banzhaf . , $\beta.\cdot(v)[S]=1/2^{s}\cdot\sum_{T\subseteq S}C_{i}(v)(T)$ . ,
$\mu_{1}$. $(v;p)$ $p$ $.\sim$ $ESA$ .
$\mu_{\dot{l}}(v;p)=\sum_{s\subseteq N}p(S)\cdot\beta_{\dot{l}}(v)[S]$
, . ,
$i$ $w$: , $q \geq\sum_{:\in N}w:/2$ ,
.




, $x$ $X(|X|<\infty)$ . , $x\in X$
$f_{i}^{X}$ : $Xarrow P(N)$ , $i\in N$ $x\in X$
$D_{\dot{l}}^{X}(v)(x)$
$D_{i}^{X}(v)(x)=v(f^{X}\dot{.}(x)\cup\{i\})-v(f_{\dot{l}}^{X}(x)\backslash \{i\})$
. $D_{\dot{l}}^{X}(v)(x)$ , $X=\Pi(N)$ $D_{i}^{\Pi(N)}(v)(\pi)=v(P(\pi, i)\cup$
$\{i\})-v(P(\pi, i))=m_{i}(v)(\pi)$ , $X=P(N)$ $D_{\dot{l}}^{P(N)}(v)(S)=v(S\cup\{i\})-$
$v(S\backslash \{i\})=C_{\dot{l}}(v)(S)$ . , $p^{X}$ : $Xarrow \mathbb{R}_{+}=\{r\in \mathbb{R}|r\geq 0\}$ $X$
. .
, $X$ $G’\subseteq G$ , $[G’ \cross P][X]=\{(v,p^{X})\in G’\cross P^{X}|\sum_{j\in N}\eta_{j}(v;p^{X})\neq$
$0\}$ , $(v,p^{X})\in[G’\cross P][X]$ , $e[v,p^{X}]=v(N)/ \sum_{j\in N}\eta_{j}(v;p^{X})$
. ,
.





$\eta_{i}^{X}$ $G’\cross P^{X}$ , . , $(v,p^{X})\in$
$[G’\cross P][X]$ .
$\ovalbox{\tt\small REJECT}_{i}^{X}(v;p^{X})=e[v,p^{X}]\cdot\eta_{i}^{X}(v;p^{X})$ . (2)
$\ovalbox{\tt\small REJECT}$ $[G’\cross P][X]$ , .
, ,
.
1 $(v,p^{X})\in[G’\cross P][X]$ , $\hat{p}$ $x\in X$




, , $\hat{p}^{X}(x)=e[v,p^{X}]\cdot p^{X}(x)$
. $x\in X$
$p^{X}(x)$ .




9 $\Pi(N)$ $p^{\Pi(N)}$ Shapley
$/\beta$ Shapley . , $i$ Shapley
$\eta_{i}^{\Pi(N)}(v;p^{\Pi(N)})$ .
$\eta_{i}^{\Pi(N)}(v;p^{\Pi(N)})=$ $\sum p^{\Pi(N)}(\pi)\cdot m_{i}(v)(\pi)$ .
$\pi\in\Pi(N)$
$X$ $P(N)$ , .
10 $P(N)$ $p^{P(N)}$ fl Banzh4







$\mathrm{M}\mathrm{U}$ Shapley ESA ,
.
1 $P_{k}(\pi)=\{i\in N|\pi(i)\leq k\}$ . $MU$ $\rho_{i}^{\phi}(v;p)$ , $\pi\in\Pi(N)$
$p^{\Pi(N)}( \pi)=\sum_{k=1}^{n}.p(P_{k}(\pi))/\{(n-k)!\cdot k!\}$ $p^{\Pi(N)}$
. , $MU$ $\rho_{i}^{\phi}(v;p)$ , .
$\rho_{i}^{\phi}(v;p)=\sum_{\pi\in\Pi(N)}\sum_{k=1}^{n}\frac{p(P_{k}(\pi))}{(n-k)!\cdot k!}\cdot m_{i}(v)(\pi)$ .
2 $ESA$ $\parallel_{i}(v;p)$ , $T\in P(N)$ $p^{P(N)}(T)= \sum_{S\subseteq N,S\supseteq T}p(S)/2^{s}$
$p^{P(N)}$ Banzhaf . ,
$ESA$ $\parallel_{i}(v;p)$ , .
$\rho_{\dot{l}}^{\beta}(v;p)=\sum_{T\subseteq N}\sum_{s\subseteq N,S\supseteq T}\frac{p(S)}{2^{s}}\cdot C_{\dot{l}}(v)(T)$ .
1, 2 , $\mathrm{M}\mathrm{U}$ , ESA
. Shapley Shapley , .
3 $\sum_{\pi\in\Pi(N)}p^{\Pi(N)}=1$ , Shapley
Shapley .
2 $\sum_{\pi\in\Pi(N)}p^{\Pi(N)}(x)=1$ $p^{\mathrm{n}(N)}$ Shapley
(Shapley ) , .
, Shapley .
, .
4 $H_{i}^{X}(S)=(f_{\dot{l}}^{X})^{-1}(S)\cup(f_{i}^{X})^{-1}(S\cup\{i\})$ . , \Sigma x $X$ $p^{X}(x)=1$
$p^{X}$ D $\eta_{\dot{l}}^{X}(v;p^{X})$ , $p_{i}(S)= \sum_{x\in H^{X}(S)}\dot{.}p^{X}(x)$
. , $\eta_{\dot{l}}^{X}(v;p^{X})$ , $\text{ ^{}\backslash }\backslash$
.









1. $p^{X}$ D $X$ $p^{X}(x)\geq 1$ , \Pi
.
2. $\sum_{j\in N}\sum_{x\in X}p^{X}(x)\cdot D_{j}^{X}(v)(x)=v(N)$ , .
3. .
4. , $p^{X}$ $v(N) \sum_{x\in X}p^{X}(x)\geq\sum_{x\in X}p^{X}(x)\sum_{j\in N}D_{j}^{X}(v)(x)$
, .
5. , Shapley HE .
6. $p^{X}(x)>0$ $x$ $D_{i}^{X}(v)(x)=1$ 2
, .
7. , $p^{X}$ $\sum_{x\in X}p^{X}(x)=1$ , Shapley
(Shapley ) .
3.3.
$G$ $G’$ $X$ . , $X$
$P^{X}$ . , $G’,$ $X$
. .




1 $w_{R}\in G^{J},p^{X}\in P^{X}$ , .
$\theta_{i}^{X}(w_{R};p^{X})=0$ , $\forall i\not\in R$ ,





2 $v_{1},$ $v_{2},$ $c_{1}\cdot v_{1}+c_{2}\cdot v_{2}\in G’(c_{1}, c_{2}>0),p^{X}\in P^{X}$ , .
$\theta^{X}(c_{1}\cdot v_{1}+c_{2}\cdot v_{2};p^{X})=c_{1}\cdot\theta^{X}(v_{1}; p^{X})+c_{2}\cdot\theta^{X}(v_{2};p^{X})$ .
3 $v\in G’,p^{X}\in P^{X}$ , .
$\sum_{i\in N}\theta_{i}^{X}(v;p^{X})=\sum_{i\in N}\sum_{x\in X}p^{X}(x)D_{i}^{X}(v)(x)$
.
4 $p_{\overline{x}}^{X}$ : $Xarrow \mathbb{R}_{+}$ $p_{\overline{x}}^{X}(\overline{x})=1$ , $x\neq\overline{x}$ $p_{\overline{x}}^{X}(x.)=0$
. , $v\in G’$ , .
$\theta_{i}^{X}(v;p_{\overline{x}}^{X})=D_{i}^{X}(v)(\overline{x})$ .
5 $v\in G’,$ $p_{1}^{X},p_{2}^{X}\in P^{X},$ $c_{\mathrm{J}},$ $c_{2}>0$ , .
$\theta^{X}(v;c_{1}\cdot p_{1}^{X}+c_{2}\cdot p_{2}^{X})=c_{1}\cdot\theta^{X}(v;p_{1}^{X})+c_{2}\cdot\theta^{X}(v;p_{2}^{X})$ .
35
6 $w_{R}\in G’,p^{X}\in P^{X}$ , .
$\theta_{1}^{X}$. $(w_{R};p^{X})=\{$
$\sum_{x\in J^{X}(R)}.\cdot p^{X}(x)$ , $i\in R$ ,
0, $i\not\in R$ .
7 $v,$ $c\cdot v\in G’(c>0),p^{X}\in P^{X}$ , .
$\theta^{X}(c\cdot v;p^{X})=c\cdot\theta^{X}(v;p\ovalbox{\tt\small REJECT}$
$v_{1},$ $v_{2},$ $v_{1}+v_{2}\in G’,p^{X}\in P^{X}$ , .
$e[v_{1}+v_{2},p^{X}]\cdot\theta^{X}(v_{1}+v_{2};p^{X})=e[v_{1},p^{X}]\cdot\theta^{X}(v_{1}; p^{X})+e[v_{2},p^{X}]\cdot\theta^{X}(v_{2};p^{X})$ .
8 $v\in G’,p^{X}\in P^{X}$ , .
$. \sum_{1\in N}\theta_{\dot{l}}^{X}(v;.p^{X})=v(N)$ .
9 $v\in G’,p^{X}\in P^{X}$ , .
$\theta_{i}^{X}(v;p^{X})$ : $\theta_{j}^{X}(v;p^{X})=\eta_{i}^{X}(v;p^{X})$ : $\eta_{1}^{X}$. $(v;p^{X})$ .
1 $v\in G’,p^{X}\in P^{X}$ , .
$D_{\dot{l}}^{X}(v)(x)=0,\forall x\in X\Rightarrow\theta_{\dot{l}}^{X}(v;p^{X})=0$ .
2 $v\in G’,p^{X}\in P^{X}$ , .
$v(S)\leq v(T),\forall S,T\subseteq N,$ $S\subseteq T\Rightarrow\theta^{X}.\cdot(v;p^{X})\geq 0$.
3{$x\in X|$ (x) $>0$} $.\subseteq X_{b}\subseteq X$ , $p^{X_{b}}$ : $X_{b}arrow \mathbb{R}_{+}$ $x\in X_{b}$
$p^{X_{b}}(x)=p^{X}(x)$ . , $v\in G’,p^{X}\in P^{X}$ , .
$\theta_{\dot{l}}^{X}(v;p^{X})=\theta_{i}^{X_{b}}(v;p^{X_{b}})$.
4 $v\in G’,p^{X}\in P^{X}$ , . :
$\theta^{X}(v;c\cdot p^{X})=\theta^{X}(v;p^{X}),\forall c>0$.
, .
6 $X$ , $G’\subseteq G$ , $G’\cross P^{X}$ ,
1, 2, 3 .
7 $X$ , $G’\subseteq G$ , $[G’\cross P][X]$ ,
1, 2, 3, 4 .
,
.
1 $X$ , $G’\subseteq G$ , $G’\cross P^{X}$ -\llcorner 4, 5
, .
36
2 $\{w_{R}\sim\neq R\ovalbox{\tt\small REJECT} N\}\ovalbox{\tt\small REJECT} G’\ovalbox{\tt\small REJECT} G$ $G’$ $X$
, $G’\mathrm{x}\mathcal{P}^{X}$ $\mathit{1}\ovalbox{\tt\small REJECT},$ $\mathit{3}$ , .
3 $\{w_{R}|\emptyset\neq R\subseteq N\}\subseteq G’\subseteq G$ $G’$ $X$
, $G’\cross P^{X}$ 2, 6 , .
4 $X$ , $G’\subseteq G$ , $[G’\cross P][X]$ 8, 9
, .
5 $\{w_{R}|\emptyset\neq R\subseteq N\}$ $G’\subseteq G$ $P^{X}[G’]=\{p^{X}\in P^{X}|$
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$\mathfrak{F}1:*-arrow\nearrow/--\ovalbox{\tt\small REJECT}-\beta\acute{\overline{\pi}}\ovalbox{\tt\small REJECT}_{\sim}^{-}\mathrm{f}\supset.lf$6 $\star\infty^{\Delta}\acute{\tilde{\pi}}\sigma)_{\beta}^{-}\equiv\ovalbox{\tt\small REJECT} \mathrm{F}l_{\sim}^{-}\lambda\backslash 1T$ $\mathrm{E}\Gamma r\llcorner^{\backslash }\backslash (1999\not\in)[1]$
2: 6 (1999 )
$\mathbb{H}_{\acute{R}_{l}^{4}}^{1}$ $\Xi$ $\mathrm{E}$ $\mathrm{E}\exists^{\backslash }\mathrm{i}$ \nearrow B\‘Afl $\pi_{\backslash }\not\in$ $\dagger\pm \mathrm{E}$ $\mathrm{B}$ ffi
$\lambda\uparrow\backslash \mathrm{r},\Gamma\backslash$
$—\ovalbox{\tt\small REJECT}-$ffikfflJ 0.460 0.226 0.102 0.102 0.058 0.053
Shapley-Shubik $\mathrm{p}_{\mathrm{B}}\mathrm{a}\backslash$
jEae(b Banzhaf $\mathrm{P}_{\mathrm{B}}\Re$
0.667 0.067 0.067 0.067 0.067 0.067
0.750 0.050 0.050 0.050 0.050 0.050
$\ni \mathrm{E}\lambda 1\backslash \kappa,\backslash$
(iEffl{b) $\mathrm{M}\mathrm{U}$ $\mathrm{P}_{\mathrm{B}}\Re$
$\mathrm{j}\mathrm{E}\Re(\mathrm{b}$ $\mathrm{E}\mathrm{S}\mathrm{A}$ $\mathrm{P}_{\mathrm{B}}\Re$
0.628 0.077 0.205 0.002 0.044 0.044
0.571 0.099 0.224 0.003 0.052 0.052
$(\mathrm{j}\mathrm{E}\Re\{\mathrm{b})$ $\mathrm{n}\mathrm{I}\ovalbox{\tt\small REJECT}_{-}^{-}-\ovalbox{\tt\small REJECT}-$fflkfflI 0.599 0.153 0.126 0.002 0.051 0.069
$\mathfrak{p}fl$ffi$\ovalbox{\tt\small REJECT}^{1}\ni\not\in\lambda.1\pi,\backslash ffl$ $\hat{\eta}$ 0.813 0.000 0.127 0.000 0.030 0.030
[1] , , ,
Banzhaf , 1207
(2001) 128-135.
[2] T. Matsui and Y. Uehara, Anote on asymmetric power index for voting games,
OR 2000 .
[3] R. Ono and S. Muto, Party power in the house of councilors in Japan: an applica-
tion of the nonsymmetric Shapley-Owen index, Journal of the Operations Research
Society of Japan 40(1997)21-32.
[4] G. Owen, Political games, Naval Research Logistics Quarterly 18 (1971) 345-355.
[5] $\mathrm{R}.\mathrm{J}$ . Weber, Chapter 7: Probabilistic values for games, in: “The Shapley value-
Essays in honor of Lloyd S. Shapley,” edited by AE. Roth, Cambridge University
Press, pp. 101-119, 1988.
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